A new visualization technique for visualizing three-dimensional symmetric positive definite tensor fields of rank two is described. It supports studying the spatial projection of a spacetime metric. The rendering technique is demonstrated upon the Schwarzschild metric of a static black hole, the Kerr metric of a rotating black hole in two different coordinate systems, and a numerically computed dataset describing the metric of two colliding black holes.
Introduction and Motivation
Solutions of the Einstein equations are usually treated in a purely abstract mathematical way, i.e. as algebraic expressions. Determination of certain spacetime properties requires further calculation, for instance the computation of geodesic paths or isometric embeddings of certain slices of the spacetime. Penrose diagrams can be constructed for sufficiently known spacetimes and light cones are widely used to visualize the 4-metric at selected points. But these visualization methods can hardly cover an entire data volume at once. Direct visualization of the 3-metric is uncommon, because of limited availability of suitable visualization methods as well as minor experience in general relativity. However, in other scientific domains like material sciences as well as in computational fluid dynamics the direct visualization of tensor fields has a relatively long-grown history. Especially in medical sciences a strong interest on tensor field visualizations has advanced with the recent developments in magneto-resonance equipment which provide measurements of water diffusion within the human brain as tensor fields 1,2,3,4,5 . These visualization techniques have in common the difficulty to display (at least) six independent quantities per point in a whole volume at the same time. Tackling the same problem for data sets from general relativity is desirably as well, on the one hand for the scientist who needs to inspect his data, e.g. from huge numerical simulations, quantitatively or qualitatively, on the other hand also for public outreach, which is especially difficult for an abstract scientific domain like general relativity.
Visualization Technique
A straightforward way to look at a tensor in a coordinate-independent way is to consider the set of tangential vectors v ∈ T p (M ) which are mapped to the same number G( v, v) = C with C ∈ R. By interpreting tangential vectors as small distances, we can interpret this set of tangential vectors as a set of points around a certain point in space, therefore obtaining a quadric surface representing the tensor. This surface is an ellipsoid for positive definite tensors and an hyperboloid when negative eigenvalues occur. A quadric surface does not display the full information content of a general tensor, but only its symmetric part, which is sufficient for metric tensor fields. By definition the spatial projection of a spacetime metric is always positive definite, so a visualization method may assume positive definiteness.
An intuitively useful classification of tensor ellipsoids on behalf of their shapes was given by Westin 6 . He introduced shape factors indicating the relationships among the three eigenvalues λ max , λ med , λ min . They only depend on the ellipsoid shape, independent from its size:
The scaling numbers 2 and 3 are used such that each shape factor is in the interval [0, 1]. Other normalization choices are possible as well. The three shape factors obey the relationship c l + c p + c s = 1 and can thus be interpreted as barycentric coordinates within a triangle, as illustrated in Fig. 1 . The spherical factor c s is a measure of the anisotropy. Now the idea of the tensor splat rendering technique is to simplify tensor ellipsoids by simplified version that incorporate the same information content, but allow rendering of a full three-dimensional volume due to their simpler shape. This technique is described in detail elsewhere 7 . Here, we concentrate on the application of this rendering technique on general relativistic metrices.
Visualization of Metric Tensor Fields

Schwarzschild Metric
The famous Schwarzschild metric is known as
main: submitted to MG10 on January 16, 2004whereby for our visualization purposes we are only interested in the spatial part. We see immediately that the radial eigenvector ∂ r is dominant with eigenvalue g rr = 1/(1 − 2m/r) > 1. The tensor field thus contains no linear but only planar regions, whereby the anisotropy is highest for r → 2m (the "event horizon" of the black hole). This behavior of radial stretching is easily depicted by the tensor splats, Fig. 2 . as radially oriented planar discs (Fig. 2, right left) indicating light propagation. The co-metric (Fig.'2 , rightmost) appears as radial "needles", indicating the pure radial stretching toward the event horizon as well. While both images, the tensor and the inverse tensor, provide the same information content, it is still useful to be able to switch between both visual representations.
Figure 2. Tensor ellipsoids (left) and tensor splats (right) on a two-dimensional subspace of the Schwarzschild metric (first and third image) and its co-metric (second and fourth image). Note that the icons still represent the full three-dimensional metric. The region within the event horizon
is not shown. The broken spherical symmetry in the rightmost image is due to the ambiguity of the minor and median eigenvalue in the Schwarzschild spacetime.
Kerr Metric
The Kerr metric describes a rotating black hole with mass m and angular momentum a. In matrix notation, the 4-metric reads in Boyer-Lindquist coordinates:
whereby ∆ := r 2 − 2mr + a 2 and ̺ 2 := r 2 + a 2 cos 2 ϑ. The condition a < m must hold for a physically reasonable black hole. The case a = m is known as a maximally spinning black hole. For a > 0 the Kerr metric is no longer spherically symmetric, but just axially symmetric around the rotation axis. With increasing angular momentum, the tensor splat rendering exhibits the increase of axial linear stretching in the equatorial plane in a three-dimensional view of the Kerr metric, as demonstrated in reference 7 . The spatial projection of a four-dimensional metric depends on the choice of the time coordinate. Boyer-Lindquist coordinates become singular at the horizons of the Kerr black hole, similar to the Schwarzschild coordinates. This coordinate singularity is avoided by Kerr-Schild coordinates, where main: submitted to MG10 on January 16, 2004the spatial projection (the only relevant part for this visualization) is given by 8 :
Displaying this spatial metric using ellipsoids yields an impression of a maelstrom of the spacetime, which is not prominent in the Boyer-Lindquist form. However, the Boyer-Lindquist simplifies reading off the geometrical properties of the spacetime, especially the linear stretching of the spacetime in the equatorial region. In comparison to the ellipsoid drawing, the tensor splat technique yields more brilliant images when operating on a full three-dimensional volume, as it suppresses less important information better than the ellipsoid technique. Still, the important information is conserved.
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Numerical Data
Exact solutions of the Einstein equations are rare and no generic solution is known yet. Even the apparently simple two-problem, leading to the well known Kepler ellipses in the Newtonian theory, still withstands all attempts to find an exact solution and require numerical methods. In numerical relativity 9 , the spatial 3-metric is a primary computational quantity and the described visualization method provides a direct visualization of the computed data sets.
Of special interest in numerical relativity is the occurrence of "grid stretching", the locally varying physical distance between neighboring points on the numerical grid. Due to physical or coordinate singularities they lead to numerical instabilities, ultimately killing the entire simulation. Early detection of such instabilities is thus essential for the development of improved evolution schemes. Fig. 4 shows the tensor splats technique applied to selected time steps of a numerical evolution from two colliding, initially orbiting black holes. The t → ∞ limit of such a collision process is known to be the Kerr metric (2) . Although this result is not necessarily given in BoyerLindquist coordinates, the similarity to the Kerr-Schild appearance of the rotating black hole is obvious.
